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Abstract 


multivariate  version  of  the  univariate  new  better  than  used 
(NBU)  processes,  due  to  El-Neweihi,  Proschan}and  Sethuraman  is  intro¬ 
duced.  Closure  properties  of  this  new  class  of  multivariate  MBU 
(MNBU)  processes  under  various  reliability  operations  are  obtained. 

A  relationship  between  the  flilBU  processes  and  a  well  known  class  of 
multivariate  UBU  distributions  is  described.^ 


1.  Introduction. 
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The  theory  of  multi  Mute-  coherent  systems  has  motivated  several 
authors  to  introduce  and  study  special  classes  of  stochastic  processes 
which  generalize  the  well  known  classes  of  lifetimes  in  the  two-state 
reliability  theory.  In  a  paper  by  El-Neweihi,  Proschan  and  Sethuraman 
(1978)  a  univariate  class  of  new  better  than  used  (UBU)  processes  was 
introduced.  A  member  in  this  class  can  serve  as  a  model  to  describe 
the  degradation  of  a  multistate  component.  A  multivariate  process 
whose  univariate  marginals  are  independent  UBU  processes  can  then  be 
used  to  describe  the  joint  stochastic  behavior  of  a  collection  of  deg- 
radable  components.  However  such  a  model  is  not  adequate  when  it  is 
unreasonable  to  assume  stochastic  independence.  The  main  purpose  of 
this  paper  is  to  introduce  a  more  general  class  of  multivariate  UBU 
processes  which  extends  the  univariate  UBU  class  due  to  El_Neweihi, 

Proschan  and  Sethuraman  (197U).  The  approach  used  in  this  paper  is 
similar  to  the  one  used  by  Block  and  Savits  (1981)  to  introduce  a  class 
of  multivariate  IFRA  processes. 

A  brief  summary  of  the  contents  of  this  paper  is  now  given.  In 
section  2  the  basic  notation,  terminology  and  definitions  are  given.  In 
section  3  a  class  of  multivariate  PRU  processes  (hereafter  referred  to  as 
the  MNPIJ  class)  is  defined,  necessary  and  sufficient  conditions  for  a 
multivariate  process  to  be  a  member  in  the  MfTU  class  are  given.  Finally 
in  section  4  it  is  shown  that  the  *1P!?IJ  class  enjoys  a  number  of  closure 
properties 'which  include  as  special  cases  some  well  known  preservation 
properties  of  the  univariate  class  of  PP-lJ  lifetimes.  Some  of  these  prop¬ 
erties  are  utilized  to  construct  examples  of  PP"U  processes.  Using  one  of 
the  characterizations  established  in  section  3,  the  MMRU  class  is  shown  to 
be  closely  related  to  a  well  known  class  of  multivariate  f!<?.U  distributions. 
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2.  Notation,  Definitions  and  Terminology. 

The  vector  x^  =  (xj,...,xn)  denotes  a  point  in  Rn,  the  real  n- 
dimensional  Euclidean  space  equipped  with  its  usual  metric  . 

y  1  x  means  that  yi  <  xi  ,  i  =  l,...,n 

y.  <  *  means  that  <  x^  ,  i  =  1 , . . .  ,n 

A  subset  US  Rn  is  an  upper  set  i f  xeU  and  x  <_  y  imply  that  yeU. 

Given  a  vector  x£Rn,  Qx  denotes  the  set  (y:  ^  <  y}  . 

A  function  f :  Rn  -»  Rra  is  a  nondecreasinq  function  if  x<_y_  impl ies 
that  f(x)  1  f  (y) .  A  noni ncreasinq  function  is  similarly  defined. 

Throughout  the  remainder  of  this  paper  all  the  random  variables 
(random  vectors)  considered  are  assumed  to  be  nonnegative. 

3.  The  MNBU  Class:  Definition  and  Characterizations. 

First  let  us  recall  that  a  nonnegative  random  variable  T  is  said 
to  be  NBU  if 


P(T  >  t)  1  P(T  >  (t)P(T  >  (l-a)t),  (3.1) 

for  every  t  ^  0  and  every  0  £  •«  <  1 . 

In  the  context  of  reliability  theory  the  random  variable  T  usually  rep¬ 
resents  the  lifetime  (functioning  time)  of  a  component  that  can  be  in 
either  of  two  states  "functioning"  (denoted  by  1)  and  "failed"  (denoted 
by  0).  In  a  paper  by  El-Neweihi,  Proschan  and  Sethuraman  (1S7G)  a  class 
of  univariate  NBU  stochastic  process  was  defined  as  follows:  A  nonnegat¬ 
ive,  nonincreasing  and  right-continuous  stochastic  process  (X(t):  t  >  0} 


whose  state  space  is  {0,1 . M]  is  said  to  be  NBU  if 

T.  =  inf  {t:  X(t)4  {j+1 . Ml)  (3.2) 

J 

is  NBU  random  variable  for  every  je{0,l , . . . ,M}.  Such  a  process  was  intro¬ 
duced  to  describe  the  stochastic  uenavior  of  a  multistate  component  which 
starts  at  time  0  in  state  M  (perfect  functioning)  and  deteriorates,  as 
time  passes,  to  lower  statesuntil  finally  state  0  (complete  failure)  is 
reached.  The  definition  of  the  NBU  process  can  be  easily  extended  to  the 
case  in  which  the  state  space  S  is  any  subset  of  [0,°°)  by  simply  requiring 
that  the  random  variable 

T  =  inf  (t:  X(t)4(a,»)>  (3.3) 

a 

is  NBU  for  every  a  _>  0. 

A  natural  multivariate  extension  of  (3.3)  is  now  used  to  define  the 
MNBU  class  of  stochastic  processes. 

Definition  3.1 .  A  vector-valued  stochastic  process  {X.(t)s(X^  (t) , . . .  ,Xn(t) 
t  >  0)  is  said  to  be  a  MNBU  process  if  it  is  nonnegative,  nonincreasing, 
right-continuous  and  the  random  variable 

Tu  s  inf  (t:  X_(t)  4  U)  (3.4) 

in  NBU  for  every  open  upper  set  US  Rn. 

The  class  of  all  MNBU  processes  (of  all  dimensions)  is  called  the 
MNBU  class.  Clearly  the  MNBU  class  includes,  when  n«l ,  the  univariate 
NBU  class  due  to  El -Newel hi,  Proschan  and  Sethuraman  (1978).  Also  in  a 
recent  paper  by  Clock  and  Savits  (1981),  the  authors  define  a  multivariate 
class  of  I FRA  processes  by  requiring  the  random  variable  in  (3.4)  to  be 


IFRA.  Clearly  their  class  is  a  subclass  of  the  fliiBU  class. 


Remark  3.2.  In  view  of  (3.1)  and  the  right-continuity  of  the  process 
LX(t):  t  2  0),  condition  (3.4)  is  equivalent  to 

P(X(t)  £  U)  <  P(X(at)  e  U)P(X((l-a)t)e  U),  (3.5) 

for  every  t  £  0,  0  £  a  £  1  and  every  open  upper  set  U  s  Rn. 

In  the  remainder  of  this  section  two  characterizations  of  the  MNBU 
class  are  given.  These  characterizations  are  used  in  section  4  to  establish 
properties  of  the  MNBU  class  and  relate  it  to  a  well  known  class  of  multi¬ 
variate  NBU  distributions.  First  we  need  the  following  lemma  whose  proof 
is  essentially  due  to  Esary,  Proschan  and  Walkup  (1967)(see  also  Marshall 
and  Shaked  (1982)) . 

Lemma  3.3.  Let  (_X(t):  t  >  0)  be  a  stochastic  process.  Then  condition  (3.5) 
is  equivalent  to 

P(X(t)  £  U)  1  p(X(at)  £  U)P(X((l-a)t)  £  U)  (3.6) 

for  every  1 1  0,  0  £  <*  £  1  and  every  upper  Borel  set  UsRn. 

The  following  theorem  gives  a  necessary  and  sufficient  condition  for 
a  nonnegative,  nonincreasing  and  right-continuous  stochastic  process  {_X(t): 
t£  0)  to  be  a  MNBU  process. 

Theorem  3.4.  The  process  (X(t):  t  >  0}  is  a  MNBU  process  if  and  only  if 

E[*(X(t))]  ±  i:[f‘(X(-‘t))1  E[  *K\x((l^)t))],  (3.7) 

for  every  nonnegative,  nondecreasing  and  Borel  measurable  function  4>:Rn  -*•  R 
and  every  t  £  0,  0  £  £  1 . 
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Proof.  Obviously  (3.7)  implies  (3.5)  by  taking  (Mly,  where  US  Rn  is 

an  open  upper  set.  Now  assume  fX(t):  t  >  01  is  a  MflBU  process.  In  view 

of  (3.6),  condition  (3.7)  is  satisfied  for  all  <f=  aly,  where  a  >_  0  and 

m 

U  S  R"  is  an  upper  Borel  set.  Let  <p=  I  <j>  . ,  where  <p  ■  =  aH  IM  ,  a .  >  0, 

i=l  1  1  1  ui  1_ 

s  Rn  is  an  upper  Borel  set,  i  =  l,...,m  and  m  1 .  By  Holder  inequality 
for  sequences  and  Minkowski  inequality  for  the  L^-norm,  0  <  a  <  1 ,  we  get 


E  r.KX(t))]  <  I  E[^.(X(at))]  E  Ep -1~"(X(d-'Ot))  ] 
i  =1 


’  [E^(X(>t))11,/af(  "  [E[,J1x((l-0l)t))]],/1'o)1‘a 
<  E  [♦°‘(X(ot))  J  E  . 


The  general  result  now  follows  by  taking  monotone  sequences  of  such  fun¬ 
ctions  and  passing  to  the  limit. 

Remark  3.5.  In  a  recent  paper  by  Marshall  and  Shaked  (1982)  the  authors 
established  a  similar  characterization  for  their  class  of  multivariate  NBU 
distributions.  However  they  used  a  different  method  to  extend  the  validity 
of  the  inequality  in  (3.7)  from  indicator  functions  to  nonnegative  linear 
combinations  of  indicator  functions. 

The  second  characterization  for  the  iiNBU  class,  which  is  useful  in 
relating  it  to  a  multivariate  concept  of  !1BU  distributions,  follows  from  the 
following  lemma  which  is  due  to  Block  and  Savits  (1980).  We  provide  here 
a  simple  and  new  proof. 

Lemma  3.6.  Let  U S  Rn  be  an  open  upper  set.  Then  U  =  u  Q,i,  where  x1  e  Rn, 

-  i  =  l  £ 

i  *  1,2,...  . 


Proof.  Let  x  be  an  arbitrary  element  in  U.  Since  U  is  open  there  exists 


a  ^  t  U  sucn  that  <  x  and  y^  is  rational ,  i  =  1,2,...,  n.  The  result 
now  follows  by  observing  that  x  e  u  and  that  the  set  of  points  in  R 
with  rational  coordinates  is  countable. 


n 


Theorem  3.7.  The  following  condition  is  equivalent  to  (3.5), 


P(X(t)  £  U)  <  P(X(ut)  £  U)P(X((l-*)t)  E  u), 

p  i  n 

for  all  t>0,  0<ot<l  and  all  U  of  the  form  u  Q  i  where  x.  e  R  » 

-  -  i»i  * 

i  =  l,...,p,  p  is  a  positive  integer. 

Proof.  Obviously  (3.5)  implies  (3.G).  Now  assume  (3.8)  is  true  and  let 
U  be  an  open  upper  set.  By  lemma  3.6  there  exists  a  sequence  £  UgS  .. 
increasing  to  U  and  (3.8)  is  true  for  each  U.. .  The  result  now  follows  by 
passing  to  the  limit. 


4.  Closure  Properties,  Examples  and  a  Related  Class  of  Multivariate 
NEU  Distributions. 

Closure  properties  of  the  'HIBU  class,  which  correspond  to  common  reli¬ 
ability  operations,  are  established  in  this  section.  Such  properties  are 
then  utilized  to  construct  and  identify  members  of  the  niiBU  class. 

In  the  following  theorem  three  fundamental  closure  properties  of  the 
M1!BU  class  are  established. 

Theorem  4.1.  The  following  properties  hold  for  the  flf’Bb  class: 

(P  'et  _vt)  =  (X1(t),...,Xn(t)):  t  0}  be  a  r1NBU  process  and  let 
f:Rr‘  •+  Rm  be  a  nonne-gative,  nondecreasing  and  left-continuous  function. 


Then  (f(Xjt)):  t  >  0  }  is  a  iiNSU  process. 


(P2)  Let  (X(t)  =  (X1  (t) ». . .  ,«n(t)):  t  _:  0  1  and  f  Y(c)  =  (Y]  (t) , . . .  ,YR.(t) : 
be  two  independent  IlilSU  processes.  Then  {  (X(t);  Yjt)):  t  a  (m  +  n) 

dimensional  IlflBU  process. 

(P3)  Let  {X  (t):  t  >0},  n=l,2,...  be  a  sooucnce  of  k-dimensional  MflBU 

processes  a;iu  (t)  d  a( t )  for  every  t,  v;iiere  (X(t):  t  _>  0}  is  nonnegat- 

» 

ive  nonincreasing  and  right-continuous  process.  Then  (X(t):  t  >  0 > i s  a 
fil'BU  process. 

Proof.  (PI)  The  proof  is  obvious  in  vic-vr  of  theorem  (3.4). 

(P2)  The  oroof  is  similar  to  the  or.c  given  Ly  Marshall  and  Snaked  (1982), 
pages  202-203,  to  establish  a  similar  property  for  their  class  of  multi¬ 
variate  f!GU  distributions.  The  details  are  therefore  omitted. 

( P3)  Let  US  R"  be  an  open  upper  set.  Lot  $  iR*  -*■  R  be  a  sequence  of 
continuous,  bounded  an  nondecreasing  functions  such  that  ji^-*  1^  point- 
vfise.  By  theorem  3.4  wo  have 

E[»yx(t))]  <  £[0iysn(r.t))]  EO^yyu--,))] , 

The  result  now  follows  by  taking  limits  as  n->  ■»  then  as  n  • 

Remark  4.2.  The  assumption  of  left-continuity  in  (PI)  is  not  needed 
v.-hen  the  state  space  for  the  process  (X(t):  t  _>  0}  is  finite. 

The  folowing  properties  for  the  IliiBU  class  arc  immediate  consequences 
of  the  fundamental  prooerties  (PI)  and  (P2). 

Corollary  4.3.  Tiio  following  properties  hold  for  the  MIIBU  class: 

(P3)  Le  (X^(t):  t  _>  0 ) ,  i  =  l,...,n  be  independent  univariate  !!BU  processes. 
Tier.  (X(t)  *  (X,(t!,...,X„(t)):  t  9 )  is  a  ’TGI'  process. 

(P4)  Let  (X(t):  t  j:  0 )  be  a  n-dimesional  M.'IBU  process.  Then 

(X(t)  *  (X,  (t),...,X.  (t)):  t  _10?  is  a  !;-dimensional  URDU  orocess,  where 
'l  k 

1  <  l<  <  n  and  1  <  i,  <  . . .  <  i.  <  n. 


o 

o 


(P5)  Let  { /£( t )  =  (X1  ( L) , . . .  ,Xn(t) ) :  t  2  a  HilBU  process  and  let 
^:Rn  -  R  Lc-  nonnoga Live .  nondecreasing  and  left-continuous  function, 
i=1,...,m.  Tii  on  (  (4>-j  ( M.  t) ) . -P  (X_(  t ) ) ;  c  2  0>  is  a  fl*;3U  process. 

(P6)  Let  {^(t):  t  2  0)  ,  i=l,..,k  be  k  independent  I'T'BU  processes  of 

u 

the  sane  dimension.  Then  {  2  X.(t):  t  2  C)  is  a  fldBU  process. 

i=l  1 

Proof.  The  proof  is  obvious  and  is  therefore  omitted. 

Remark  4.4.  It  should  be  noted  that  the  generalized  i!BU  closure  theorem 
due  to  El-iieweihi,  Prosci.an  and  Sethuraman  (1C 73 )  is  a  special  case  of 
(PC).  Also  observe  that  (Pc)  asserts  t.ie  closure  of  the  r IT !BU  class  under 
convolution. 

Ti:e  foil ov/i ng  theorem  relates  tiie  f»!3U  class  to  a  well  known  class 

of  multivariate  HSU  random  vectors,  namely  the  Class  C={T=(T1 ,. . . ,T  ) : 

T  is  nonnegative  and  t(T)  is  !!3l!  for  every  monotone  life  function  t,  n 

is  arbitrary  positive  integer  .  (recall  tkatr(T)  has  the  form 

~  P 

max  min  T.  ,  where  u  A .  <s  {l,...,n  }). 

1  <  j  2  P  J  =  1  J 

Theorem  4.5.  The  process  { 2.( t):  t  2  ^  is  a  •'••Bf  process  if  and  only  if 
every  finite  collection  of  (T.  :  1  <  i  £  -i  xen}  is  in.  C,  where 
T.  =  i nf{ t :  X*(t)  <  xl  . 

IX  I  “ 


Proof.  The  proof  follows  readily  by  theorem  3.7  an«  t..e  simple  observat- 

ion  Sat  for  any  two  upper  Sort!  sets  U,,U,,  TU>(W  .  nax(Tr  >T  ,  and 

T  u 

IJ,nU9=niin  (I.  Tn  ).  The  simple  details  of  the  proof  are  left  to  the  reader 

\  c.  Uj  i  Up 


Remark  4.5.  The  above  theorem  is  essentially  the  analogue  of  theorem  2.4 
of  Clock  and  Savits  ( 1 C 3 1 ) . 


_  n 


Hie  above  properties  of  the  i’;!3U  class  and  its  relationship  to  the 
class  C  of  multivariate  iiEU  random  vectors  can  bo  utilized  to  construct 
many  examples  of  f11!3U  processes.  For  instance  if  T  belongs  to  C  then 
{(I^j  >  I { t  >  t)):  t  >  0)  is  a  IlilCU  process.  Also  multivariate 

processes  whose  coordinates  are  monotone  functions  of  independent  univar¬ 
iate  i!DL!  processes  are  fl.'BU  processes.  The  following  example  motivated 
by  the  theory  of  nulti state  coherent  systems  illustrates  the  construction 
and  identification  of  members  of  the  ilLBU  class. 


Example  4.7.  Consider  a  system  of  n  binary  independent  components.  Assume 
we  have  fi-1  spares  for  each  of  the  n  components .  A  failed  component  is 
instantaneously  replaced  by  one  of  its  spares.  All  the  lifelcngths  are 
assumed  to  be  independent  '!SU  random  variables.  When  the  original  compon¬ 
ent  i  is  functioning  (and  none  of  the  spares  has  been  used),  we  consider 
that  component  i  is  in  state  II.  Upon  failure  of  the  original  component 
one  of  its  spares  is  used  and  so  the  component  now  enters  state  il-l ,  etc. 
Let  ft(t)  =  (X1(t),...,yt)):  t  ^ 0 )  be  the  process  describing  the  states 


of  the  n  components  as  time  passes.  Tien  {£(t}:  t  _>3}  is  a  fiM3U  process. 
Moreover  if  the  n  components  are  forming  a  coherent  system  whose  cut  sets 
are  C1,...Cr  and  Yj{t)  =  max  (Xi(t)),  j=l,...,r,  th.cn  { (Y]  (t) , . . .  ,Yr(t) ) : 

t  >0}  is  also  a  Mi’.SU  process. 
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